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INTRODUCTION 
We suppose throughout this note that 2 is a subspace of a real nonzero 
linear space X and that g, is a linear functional on 2. If f is an extended real 
function on X we define - f by (-f) (x) = -f(x) (x E X) and f - by 
f-(x) =f(- x) (x EX). Iff an d g are extended real functions on X we write 
f  < g if, for all x E X, f  (x) < g(x) and, f  and g are extended real functions 
on X or 2, we write f  < g if, for all x E 2, f(z) < g(z). 
We shall say that f  is an extended sublinear functional on X if f  is an extended 
real function on X such that 
for all x E X, f(x) > - 03, 
f  (0) = 0, 
for all x E X, h (E R) > 0, f  (Ax) = Af (x), 
for all x, y  E X, f  (x + r) <f(x) +f (A. 
We shall consider the statements (l)-(S) that follow. (1) and (2) are the 
usual versions of the Hahn-Banach Theorem. We shall give a counterexample 
to (3) with X = R2 and IJJ = 0. We shall also give a counterexample to (4), 
though (see Corollary 3) (4) . t is rue if X is finite dimensional. We shall give 
two counterexamples to (5) with X = R2 and f ,  g both finite; in the first 
v = 0 and in the second f  = g > 0. We shall give a counterexample to (6) 
with X = R2; however, (6) is true if one off, g is finite (see Corollary 6). 
This particular result is equivalent to one proved by Bonsall ([l, Theorem 1, 
p. 71). The main results of this paper (Theorem 2, 5 and IO) are of a more 
general nature and give criteria for the existence of linear functionals satis- 
fying various conditions. We shall deduce a generalization of (7) from Theo- 
rem 5 (see Corollary 7) and we shall deduce (8) from Theorem 10 (see 
Corollary 11). Statement (7) is used by Kelley in his proof of the existence 
of measures on Boolean Algebras ([2, Theorem 2, p. 11661; see also the 
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remarks by Sikorski of the end of [2]), and (8) is a result of Mazur and Orlicz 
([3, Theorem 2.41, p. 147]-simpler proofs have been given by Sikorski, [5] 
and Ptak, [4]). 
Iff is a sublinear functional on X and g, < f then there exists 
a linear functional # on X such that # 1 2 = v and 9 <f. 
If f is a seminorm on X and - f < 9 < f then there exists a 
linear functional # on X such that # 12 = 91 and -f < rl, <f. 
If f is an extended sublinear functional on X and q~ < f then 
there exists a linear functional t+G on X such that 4 1 2 = (p and 
# Gf* 
If f is an extended sublinear functional on X then there 
exists a linear functional I/J on X such that q!~ < f. 
If f and g are extended sublinear functionals on X such that 
- g < f and - g < y <f then there exists a linear functional 
#onXsuchthat#IZ=p,and-g<#<f. 
If f and g are extended sublinear functionals on X such that 
- g < f then there exists a linear functional # on X such that 
-g<4J<f. 
Let (1 * /I be a norm on X and < be a partial ordering on X 
compatible with the linear space structure and such that 
I/ x I/ < (( y I/ whenever 0 < x < y. If C is a convex set of posi- 
tive elements in X and inf,,c jl t /) > 0 then there exists a 
positive linear functional I,!J on X such that j/ $ // = 1 and 
Let f be a sublinear functional on X, T any set and c : T + R 
and d : T + X be any functions. Then there exists a linear 
functional $J on X such that # <f and, for all t E T, 
c(t) < 4 C) d(t) if, and only if, for all n >, 1, pi ,..., pn (E R) 3 0, 
t 1 ,..., t E T, 
f (l<$<nPk Wk)) 3 c 44J 
. . l<k<vz 
RESULTS AND COUNTEREXAMPLES 
COUNTEREXAMPLE TO (3). Let X = R2, f be defined on X by 
0 (CL = 0, h < 0) 
f ((4 cl)) = z (P > 0) (p = 0, h > 0) 
x (CL < Oh 
(1) 
(4 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
409/21/1-8 
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then f is an extended sublinear functional on X. Let 2 = (R, 0) C X and p 
be defined on 2 by cp((X, 0)) = 0. 9 <f. H owever, if * is a linear functional 
on X and # < f  then, for all E > 0, 
- $((l, 0)) - 4((0, 1)) = (cI((- 1, - 4) \<f((- 1, - 4) = - 1. 
Letting E + 0 yields: - #(Cl, 0)) < - 1, hence # I 2 # Y. 
COUNTEREXAMPLE TO (4). Let X be the set of all real sequences (x,),>~ 
such that x, = 0 for all sufficiently large n. Let 
Y = {(x,J : (x,J E X, 3n 3 1 such that x, > 0} 
and, for each integer p > 1, 
y, = &%) : (4 E x9 xp < 0, x, < 0 for 1 < m < p, x, = 0 for m > p>. 
We define f  on X as follows: 
0 
f(x) = a 
1 
i” ;=? 
p(x, + *** + x,) (SSEE yp> (P 2 1). 
This is a valid definition since the sets (O}, Y, and Y, (p 3 1) are disjoint and 
have union X. f  is an extended sublinear functional on X. However, if # were 
(PI 
a linear functionai on X and # <f then (writing e, = (0 ,..., 0, 1, 0 ,... )), 
for all integers p 3 1 and for all E > 0, 
- $(e,) - f$(e,) = #( -- el -- l ,) < f  (- e, - Ee,) < - p - pc 
since - e, - l e, E Y, . Letting E + 0 yields 
- tW G -A 
which is impossible since #(er) is finite. 
LEMMA 1. Let f  be an extended sub&near functional on X such that 
C = {x : x E X, f (x) < - 1) is nonvoid. Then the following conditions on f 
are equivalent :
(a) There exists a linear functional x on X such that x E C + x(x) Q - 1. 
(b) There exists a linear functional # on X such that SUP,,~ t/~(x) = .- 1. 
(c) There exists a linear functional # on X such that 9 < f .  
DEFINITION. We suppose that D C X. We shall say that D is full if D # 4 
and there exists z E D such that z - D absorbs the subspace of X spanned by D. 
THEOREM 2. If f  is an extended sublinear functional on X and 
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D = {x : x E X, f  (x) < 0) is either empty or full then there exists a linear 
functional 9 on X such that z,h <f. 
COROLLARY 3. If  f  is an extended sublinear functional on X and 
D = {x : x E X, f  (x) < 0} is empty or spanned by a ISsite set (in particular, 
sf X is finite dimensional) then there exists a linear functional, #, on X such that 
+ Gf* 
NOTATION. If fi ,...,fn, are extended sublinear functionals on X we define 
the extended real function { fi ,..., fm} on X by 
{fi ,...,fm} (x) = inf{fi(xl) + -1. +fm(xn,) : xl ,..., x, EX, xl + a.0 +x, = x1. 
LEMMA 4. We suppose thatfi ,..., fm are extended sublinear functionals on X 
and we write f  = { fi ,..,, fm}. 
(a) f(0)<Oandf<fjfor l<j<m. 
(b) If  $I is a linear functional on X, $ < f if, and only ;f, $J < fj for each 
j,l<j<m. 
(c) Iff(O)>,Othen -f;<fforeachj, l<j<m. 
(4 I f f  (0) > 0 and one of fi ,...,f,,, ’ fi as nite then f  is a sublinear functional 
on X. 
THEOREM 5. We suppose that fi ,..., fnr , g, ,..., g,, are extended sublinear 
functionals on X of which at least one is finite. Then the following two conditions 
are equivalent : 
(a) There exists a linear functional # on X such that $ ) Z = ‘p and 
--gj<#<fkforeachj,k, 1 <j<m, 1 <k<n. 
(b) Xl ,*.a> %I , yl,...,yn’nX and x,+...+x,-yy,--..-yy,~Z 
imply that 
fi(X1) + *** + fm(xm) + gl(YJ + * * * + gn(YA 
2 yP(x1 + -** + x, - Yl - *-- - yn). 
In particular, by taking Z = (0): there exists a linear functional 4 on X 
such that - gi < # < fk for each j, k if, and only if, xl ,..., x,,, , y1 ,..., yn E X 
and x1 + a.0 +x,=n+ ..* + yn imply that 
fl(4 + -** +fm(xm) + g,(Yl) + *.* + &(YTJ 2 0. 
FIFGT COUNTEREXAMPLE TO (5). Let X = R2 and f, g be defined on X 
by f  ((A, p)) = max (A, p) and g((h, p)) = max (- A, p). f  and g are sublinear 
functionals on X and - g < f. Let 2 = (R, 0) C X and ‘p be defined on 2 by 
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v((X, 0)) = 0. -g < 9) <f. Then 
f((- 1, - 1)) +g((l, - 1)) = - 2 < 0 = a((- 270)) 
and, from Theorem 5, there is no linear functional 4 on X such that # 1 2 = v 
and - g < # <f. (It can be proved directly that the only linear functional, 
#, on X such that - g < # < f is the map (A, CL) -+ A.) 
SECOND COUNTEREXAMPLE TO (5). Let X = R2, f be the Minkowski 
functional of the triangle in R2 with vertices (0, - l), (& 2, 1). Let 
Z=(R,O)CXand~bedefinedonZby~(h,O)=X. -f<q<f.How- 
ever f ((2, 1)) + f (( - 2, 1)) = 1 + 1 < 4 = 9,((4,0)) and, from Theorem 5, 
there is no linear functional, I,& on X such that # 1 Z = v and -f < Z/J <f. 
COROLLARY 6. Statement (6) is true if one off, g is finite. 
The result that follows can be established in other ways, but it gives an 
interesting application of extended sublinear functionals and the condition 
of Theorem 5. 
COROLLARY 7. Let (X, <) be a partially ordered vector space, C 
a convex set in X, and f a sublinear functional on X such that inftec f  (t) > 0. 
Then there exists a positive linear functional, #, on X such that # <f 
and inf,,c z)(t) = inf,,cf (t) z.f, and only if, 
ZEC and X>FZ imply that f(x) > $!f(t). (9) 
In particular, (7) is true. 
COROLLARY 8. If X is finite dimensional and f, g are extended sublinear 
functionals on X such that - g < f  then there exists a linear functional, 16, on X 
such that - g < # < f sf, and only if, for all x E X, 
inf { f  (x1) + g(x,) : x1 , x2 E X, x1 - x2 = x} > - 00. 
EXAMPLE ~0 ILLUSTRATE COROLLARY 8. Let X= ~2. 
Let f  be defined on X by 
f((A 4) = 8 
i 
if h=O, p=o 
if h>O, p>o 
co otherwise 
and g be defined on X by 
g((h, p)) = ]; h and h a O 
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f and g are extended sublinear functionals on X and - g < f. However, for 
all h > 0, (A, 1) - (A, 0) = (0, 1) butf(A, 1)) +g((h, 0)) = - A. Hence there 
is no linear functional $ on X such that - g < 4 < f. 
NOTATION. Let a be an extended real function on X. If x E X we write 
and 1 h,xj = x 
l<j<WZ 
LEMMA 9. 
(a) a” < a and a”(0) < 0. 
(b) if f  is an extended sublinear functional on X and f < a then .f < a”. 
(c) Conditions (i), (ii), and (iii) on a are equivalent: 
(i) C?(O) >, 0 and, for all x E X, i(x) > - co. 
(ii) ci is un extended sublinear functional on X. 
(iii) there exists an extended sublinear functional f  on X such that f  < a. 
(d) I f  a is an extended sublinear functional on X then a” = a. 
(e) If  there exists a linear functional t,l~ on X such that # < a then a satis$es 
the conditions of (c). 
(f) I f  X is $nite dimensional and the condition of (c) is satisfied then there 
exists a linear functional, $, on X such that 4 < a. 
REMARK ON LEMMA 9(f). If X, f  are as in the counterexample to (4) 
then there is no linear functional y% on X such that $J <f. However, f  is an 
extended sublinear functional on X hence (from Lemma 9(d))f^ = f  and so f  
satisfies the conditions of Lemma 9(c). 
THEOREM 10. Let a, b be two extended real functions on X, of which at 
least one is finite. Then the following two conditions are equivalent: 
(a) There exists a linear functional # on X such that + 1 Z = QI and 
-~ b < # < a. 
(b) a and b both satisfy the conditions of Lemma 9(c) and if 
m, n 3 1, Al , . . . . L , cc1 ,..., ~~(4 > 0, Xl ,***, xnz ,y1 ,...,y?z EX 
and 
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then 
In particular, by taking 2 = (0): there exists a linear functional 9 on X 
such that - b < $ < a if, and only if, a and b both satisfy the conditions of 
Lemma 9(c) and if 
m, n 2 1, 4 ,... , L , p1 ,..., CL@) 2 0, *1 ,***, %a ,Yl ,..., yn E x 
and 
then 
lC&m ‘dxj> 2 l<;<n tLkb(Yk)* 
. . . 
COROLLARY 11. Statement (8) is true. 
PROOFS 
PROOF OF LEMMA 1. If $ is as in (c) then x = $ satisfies (a). 
If x is as in (a) and 01 = sup,,c x(x) < - 1 then tj = x/(- a) satisfies (b). 
We suppose, finally, that I/ is as in (b). If x E X and f(x) < 0 then 
(x/-f(x)) E C and hence #(x/-f(x)) < - 1. Thus 
XEX and f(x) < 0 imply that tw G f(x)* (10) 
Ifx~XandO~f(x)<cothen,forally~Cand~>O, 
f(x + [f(x) + 4 Y> a@4 - [f(x) + 4 = - E < 0 
and so, from (10) 
#(x + Lox> + 4 Y> < 0, 
hence 
Lm + 4 #(Y> G - Nx)* 
Since this is true for all y E C and supVEc $(y) = -. 1, 
- [f(x) + 4 < - tW and, since this is true for all E > 0, -f(x) < - I/J(X). 
We have proved that x E X and 0 <f(x) < 00 imply that #(x) <f(x). 
Taking this together with (10) shows that 1,4 satisfies (c). 
PROOF OF THEOREM 2. If D is empty then 0 <$ If D is full we choose 
z E D such that x - D absorbs D - D. We suppose x normalized so that 
f(z)=-l.Ify~z-Dthenx-y~Dhencef(x-y)<Oandso 
- 1 =m <f(z -Y) +f(Y) -MY>* 
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In other words C (as in Lemma 1) does not meet z - D. These two sets are 
convex and the latter absorbs D - D; hence there exists a linear functional 
x1 on D - D such that 
XEC implies that Xl(X) < - 1. 
We extend x1 to be a linear functional, x, on X in any fashion. Then x 
satisfies (a) of Lemma 1. The required result follows from (a) =S (c) of 
Lemma 1. 
PROOF OF COROLLARY 3. We may suppose that D is nonempty. If 71 
is the dimension of D - D then there exist dl ,..., d, E D such that (4 ,..., d,} 
is a basis of D - D. Then z = (dl + .*- + d,)/n is an interior point of D 
in D --- D and so z - D absorbs D - D. The result follows from Theorem 2. 
PROOF OF LEMMA 4. 
(a) is immediate: (0 = 0 + ‘~~+O,x=O+**~+O+x+O+~-+O). 
(b) “Only if” follows from (a). If, conversely, x1 + *** + x, = x then 
$44 = Yw + *-* + %n) <flW + *-* +fmhJ 
and taking the inf yields Z/J(X) <f(x). 
(c) We shall show that if x E X andfj,(-- x) < 00 then -fj,(- x) <f(x). 
It follows from this that -fj, <f If x, + **. + x, = x then 
>f(O) -h,(- 4 
3 -fj,(- x). 
Taking the inf yields the required result. 
(d) From (a) and (c),f(O) = 0 and, for each j, -fi <f <fj, hencef 
is finite on X. The result follows from a routine argument using infs. 
PROOF OF THEOREM 5. We write f = { fi ,..., fnl , g: ,..., g;}. Condition 
(b) is equivalent to the statement “g, <f.” If this is satisfied then f (0) > 0 
and hence, from Lemma 4(d), f is a sublinear functional on X. It follows 
from (1) and Lemma 4(b) that there exists a linear functional, I& on X such 
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that # 12 = p and, for each j, K # < fj and $ < gi. However, the statement 
* < gk is equivalent to #- < gk; i.e., - 4 <g, (- * = *- since * is 
linear), i.e., -g, < #. Hence condition (a) is satisfied. If condition (a) is 
satisfied then, by reversing the above argument, # < f, hence v <f and so 
condition (b) is satisfied. 
PROOF OF COROLLARY 6. From Theorem 5, there exists a linear func- 
tional # on X such that - g < # < f if, and only if, x, y E X and x = y 
imply that f (x) + g(y) > 0. However, this is true since -g <f. 
PROOF OF COROLLARY 7. We write d = inf,,cf (t). We define functions 
gandhonxby 
h(x) = 1; d sup {A : h > 0, x E AC} zhezseT 0 such that x E XC 
Then g and h are extended sublinear functionals on X. Further, if # is a 
linear functional on X, # > -g if, and only if, $ is positive and 9 3 - h, 
if, and only if, inftec y%(t) 2 d. 
So there exists a positive linear functional $ on X such that I/ <f and 
inftGC #(t) = d if, and only if, there exists a linear functional 4 on X such that 
- h < 9 <f. [The condition 9 <f automatically ensures that 
iiftc t/i(t) < d.] F rom Theorem 5, this happens if, and only if, 
x,Y,xEx and x=y+z imply that f(x) +g(y) + h(z) 2 0; 
i.e., 
ZEX and X>Z imply that f(x) + h(x) 2 0, 
and this is exactly condition (9). 
Proof of Corollary 8. If $ is a linear functional on X and -g < $ <f 
then, from an argument similar to that of Theorem 5, # < (f, g-} and so, 
for all x E X, {f, g-} (x) > - co. This is exactly the condition given. If, 
conversely, it is satisfied then (cf. Lemma 4(d)) {f, g-} is an extended sub- 
linear functional on X ((f, g-} (0) > 0 by virtue of -g <f ). The result 
follows from Corollary 3 and another argument similar to that of Theorem 5. 
PROOF OF LEMMA 9. (a) is immediate. 
If f is as in (b) and x = 1 Aixj then 
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Taking the inf yields thatf(x) < a(x). 
I f  (c) (i) is true then (from (a)) a (^O) = 0 and (c) (ii) follows from a routine 
argument using infs. 
I f  (c) (ii) is true then (c) (iii) follows from (a). 
I f  (c) (iii) is true then, from (b) f  < a” and (c) (i) follows. 
(d) follows from (a) and (b). 
(e) follows from the observation that any linear functional is sublinear 
and (c) (iii). 
(f) follows from (c) (iii) and Corollary 3. 
PROOF OF THEOREM 10. If  condition (a) is satisfied then it follows from 
Lemma 9(e) that a and b satisfy the condition of Lemma 9(c). Furthermore, 
from Lemma 9(b), - 6 < # < a” and hence, from Theorem 5, 
X,Y EX and x--yEZ imply that a”(x) + 6(Y) 3 v(x -Y). 
(11) 
This gives condition (b). If, conversely, condition (b) is satisfied then 
(using the fact that a”(x) > - CO and 6(y) > - 00 (x, y  E X)) it follows by 
taking the inf that (11) is satisfied. However, one of a ,^ 6 is finite and so, from 
Theorem 5, there exists a linear functional I,/J on X such that - 6 < 4 < a”. 
Hence, from Lemma 9(a), condition (a) is satisfied. 
PROOF OF COROLLARY 11. We define a function b on X as follows: 
ted-l({x}) 
c(t) 
Then there exists a linear functional, $J, on X such that 4 < f  and, for all 
t E T, c(t) < $J o d(t) if, and only if, there exists a linear functional, 4, on 
X such that - b < 4 <J From Theorem 10, this happens if, and only if 
n3 1, p1 ,.**, PELn(4 3 0 and Yl ,...,Yn E x 
imply that 
PkYk) + c PkWYk) 2 0 
l<k<n 
(using the fact that f is sublinear). (The above condition implies that 
6 > - f and, since f is finite, that b satisfies the condition of Lemma 9(c).) The 
result follows. 
122 SIMONS 
-CES 
1. F. BONSALL. The decomposition of continuous Linear Functionah into non- 
negative components. Proceedings of the University of Durham Philosophical 
Society XII (1957) No. 2, 6-11. 
2. J. L. ALLEY. Measures in Boolean algebras. Pacific J. Math. 9 (1959), 11651177. 
3. S. MAZUR AND W. ORLICZ. Sur les espaces metriques lineaires (II). Studiu Muth. 13 
(1953), 137-179. 
4. V. PTAK. On a theorem of Mazur and Orlicz. Studiu Math. 15 (1956), 365-366. 
5. R. SIKORSKI. On a theorem of Mazur and Orlicz. Studiu Math. 13 (1953), 180-182. 
